Introduction.
A subset X of Euclidean w-space 7?" which is homeomorphic to an Euclidean polyhedron is called tame by Fox-Artin [4] (2) provided there is a homeomorphism of 7?" onto itself which carries X onto an Euclidean polyhedron. A question that naturally arises is under what conditions will a homeomorph of an Euclidean polyhedron be tame.
As a step toward the solution of this problem Harrold [6] shows that an arc or simple closed curve in 7?3 with a certain property <P (defined below) has a complement which is homeomorphic to the complement of its prototype, an evident necessary condition for being tame.
In this paper an extension of the definition of property <P to &-cells in 7?3, k -l, 2, or 3, is made, and an extension of the result of Harrold to fe-cellsis made at the cost of imposing an extra condition which is always fulfilled when k = l. The techniques used are those of Harrold, and depend strongly on the results of Alexander [l] . Much use is made of the concept of a semi-linear map as used by Graeub [5] and Moise [9] . As in Harrold-Moise [7] , the set K is called locally polyhedral at a point p provided there is a neighborhood of p which meets TC in a finite (or null) polyhedron. The set K is called locally polyhedral modulo C if it is locally polyhedral at each point of the complement of C.
2. Definitions and notation. Euclidean k-space will be denoted by 7?* and a fixed rectangular Cartesian coordinate system will be assumed chosen for 7?*. The closure of a subset A of a space 7? will be denoted ,by Cl« A, or simply CI A if it is clear from the context what space R is meant. The boundary of A in 7? will be denoted by BR(A) and is defined to be [C1B J4]n[ClB(7?\^)], where X\ Y denotes the set of points in X but not in Y. The set Ek is defined to be the set of all points (xi, • ■ • , x*) of 7?* such that O^x.gl for each
If h is any homeomorphism of Ek onto C for k = 1, 2, or 3, that subset of C which is the image under h of BRkiEk) is denoted by dC, and is seen not to depend on h. If C is a 0-cell, dC is defined to be the null set. An open &-cell is a homeomorph of Ek\BRkiEk), and a ^-sphere is a homeomorph of BRk+1 iEk+1). A 2-cell (an open 2-cell) will occasionally be called a disk (an open disk).
If if is a 2-sphere in R3 then Int K and Ext K will be used to denote respectively the bounded and unbounded domains complementary to K (see [11, Theorem 5.3] ).
The null set will be denoted by □• The symbol 5(^4) denotes the diameter of the set A, defined as usual by 5 Let § denote the non-null class of all homeomorphisms of Ek=E1XEk~l onto C, and let Zk = {T | T = hix X E^1) for some x in El and hin&}.
2.12 Definition.
For each h in § let Xl = { T G £* | T = hix X Ek~l) for some x in E1}.
It is evident that if T€£Xk then C\T is either connected or consists of exactly two components A0 and Ai and that .4,\JF = C1(.40 is a &-cell, i = 0, 1.
It is well known that the collection of all closed subsets of C forms a metric space under the Hausdorff metric [8] a which is defined as follows. Adding these two and using the triangle inequality for a gives p(rlt T2) + p(T2, Tt) ^ <r(Th T3) + a(Mu M3) + a(Nh N3) ^ p(Th T3).
Thus p is a metric on. Xk.
The superscript of Xk will hereafter be omitted when no loss of clarity results.
2.21 Definition.
For every TGX and e>0 define ty(T, e) as the set of all KGR* satisfying the following conditions:
1. K is a topological 2-sphere.
2. TClntK.
3. K is locally polyhedral modulo C. 4 . Kr\C=Tx\JTt, where Tif\T2 = 0, where 7\=D or TtGXfor »-l, 2, and where if TQdC, then T2 = □.
KGS(T, e).
It is evident that both X and ty(T, e) depend on the cell C. Since with few exceptions only one cell C will be under consideration, this dependence is not indicated in the notation. However, when this is not the case, these sets will be denoted by X(C) and ty(C, T, e) respectively.
2.22 Definition.
C will be said to have property <P provided that for each TGX and e>0 the set ty(T, e) is non-null.
2.23 Definition. C will be said to have property <P relative to a subset Xo of X provided for every e>0 and TGXo the set ty(T, e) is non-null.
2.31 Definition.
For every TGX and e>0 let T)(T, e) denote the set of all DQR3 such that 1. D is a topological 2-cell.
2. dDr\C=0-3. Dr\CGX. 4 . D is locally polyhedral modulo C. 5 . p(T,DC\C)<(. 6 . If C\D has two components Cx and C2, then there is an tj > 0 such that if N is a connected set meeting both G and C2 with 8(N) <r), then N meets D also.
2.32 Definition. C will be said to have the disk property relative to a subset Xo of X provided T)(T, e) is non-null for every e>0 and TGXo-If C has the disk property relative to the whole set X, then it will simply be said that C has the disk property. 2.33 Definition. C will be said to have the uniform disk property relative to a subset Xo of X provided to each co > 0 there corresponds a 5 > 0 such that if
TGXo and e>0 there is a D in £)(r, e) with d(dD, C)>8 and DGS(T, u).
When C has the uniform disk property relative to Xh for each h in §, C will be said to have the uniform disk property. 2.4 Definition. C will be said to have the enclosure property provided for each e>0 there is a polyhedral topological 2-sphere K in SiC, e) with CCInt K.
3. Relations between the metrics. The metric p is chosen for X in preference to the somewhat more simple metric a chiefly because <r does not have the property described in this lemma.
3.1 Lemma. If Ui, Ui, and T are elements of X such that T separates Ui and Ui on C, then there is a 0>O such that every element T' of X with p(F, T') <0 separates U\ and Ui on C. But piGUiCN while piGUiCM, so ft = min [diM, pi), diN, pi)]>Q. Also TC\iUi\JUi) = n, so0i = diT, Ui\JUi)>0. Hence/3 = min (ft, ft) is positive and independent of T'. Further, if p(F, T') <0, then the assumption that T' does not separate Ui and Ui on C leads to a contradiction.
3.2. Lemma. If FGI and 5>0 then there is an rj>0 such that the complement of SiT, S) lies in Ext Kfor every K in ^(F, v).
Proof. Choose p^R3 and r sufficiently large that 5(F, 8)(ZSip, r). Then R = R3\Sip, r) is connected and disjoint from 5(F, S/n) for each w = l, 2, • • • , and hence determines a component Rn of R3\S (F, S/n) for each n. The sequence {Rn} is monotone nondecreasing and has as limit Ui?", which is clearly in R3\T. But any point x of R3\T can be joined to R by an arc Ax in R3\T and if S/n is less than <f(F, Ax^JR) then Ax and hence x is in R". Thus the reverse inclusion (7?3\r)CU7?" also holds and U7?" = 7?3\r. This means that any closed set disjoint from T lies in 7?" for all sufficiently large n. In particular, for the assigned 5 there is an N such that the complement of S(T, 8) lies in RN. Now if -n<d(T, Rn) and KGP(T, rj), then 7?^ is an unbounded set in the complement of K and hence 7?)vCExt K. Since the complement of S(T, 8) lies in RN, the desired n has been found.
Corollary.
A cell has property "P (property <P relative to Xo) if and only if for each e>0 and TGX (TGXo) there is a K in ty(T, e) with Int KQS (T, e).
4. Property <P and the disk property.
Theorem.
In order that C have property <P (property <P relative to Xo) it is necessary and sufficient that for every e>0 and TGX (TGXo) there be a K in ty(T, e) satisfying the following two conditions:
(KVIntK)GS(T, e).
2. If KC\C has two components, Ux and U2, then T separates Ux and U2 on C.
Proof. The sufficiency is obvious, so suppose C has property 4? (property <Prelative to Xo) and let e>0 and TGX (TGXo) be assigned. Two cases arise. Proof. Let FGX iTCXh) and e>0 be assigned. Then C\T may be written as NiVJNi, where A7! is a component and Af2 is either a component or null.
Since T = h(xXEk~1) for some //■£ § (the given h) and some x Ni^JT is a jfe-cell. Choose PxGNx and let fii=d(pi, T If 7~2 is null 5 may be chosen to be any simple closed curve on K\C. In either case then, the curve S divides K into two closed disks, one of which meets C at Tx and at no other points. Call this disk D. It will now be shown that D, T, and e have the six properties of Definition 2.31.
1. D is a topological 2-cell by the Schoenflies theorem.
2. dD = S and SGK\C so dDnC=n. 3. DC\C=TxGX. By a standard procedure a subsequence of indices ki, k2, ■ ■ ■ can be chosen such that {pki\, {qki\ and {rki\ all converge, and it is readily seen that they must all have the same limit point q. As the limit of {/>*,■} CCi and {qki] CC2\JN2, q must lie in (CI Ci)nCl (CJJNz) = Tx, contradicting the fact that as the limit of {rki\, d(q, TO^co. Hence the asserted tj exists, and is the number required to fulfil condition 6. For suppose M is connected, 5(M) <n, and M meets both G and C1VJN1. Then MQSiTi, ui) so MCsNtCSiTi, a)r\Ni = n and M meets both GCExt K and GCInt if. This requires that M meet K and Mr\KCKnSiTu a) =DPi5(Fi, w). Thus DGQiT, e)^D, and C has the disk property (relative to !&)• 5. The interior radii.
Theorem.
If Xo is any compact subset of X and C has property <P relative to Xo, then for each e>0 there is ay>0 such that for every FGSo the inequality sup^e^'tr,.) d(F, K)>y holds.
Proof. Let 7(F, e) denote the supremum in the statement of the theorem. If the conclusion is false, then for each integer n there is a F" in Xo such that Y(F", e)gl/«.
Since Xo is compact, some subsequence {F",} converges to FoGXo, and to simplify the notation it will be assumed that {Fn} converges to To. Now <jp*(Fo, e/2) is non-null from the hypothesis that C has property <P relative to Xo and Theorem 4.1, so choose i£G?*(Fo, e/2). For any fixed i there is ap^T, and a q(£K such that
So for any r^To, dip, q)+dip, r)^diq, r), or
Since FoCInt K, i(F0, K)=2u>0, and d(r/, r)^d(F0, K), so 5.12 yields
But r was arbitrary in F0, so
and, since p(F,-, T0)^dip, F0), rf(F<, X)^2co-p(F,-, F0). But {F,} converges to To so there is an Mi such that for all i > Mi, piTt, To) <co. Combining these facts,
But if i>Mi, piTi, To) <co so dix, To) <to for every x in F,-, i.e., But then y(Tit e)^d(Tit K), so from 5.14, i>M implies y(Tit e)>co.
Since y(Ti, e)<l/i by choice, this is a contradiction and the theorem is established.
5.2. Theorem. Xa is an arc in X for every h in §.
Proof. Define <b:El-*Xh bv
It is obvious that <b is 1-1 and onto. Let XxGE1 and w>0 be assigned. Since h is uniformly continuous, there is a 0>O such that whenever |x2 -Xi| <d, then d[h(xx, y), h(xit y) ] <w/3 for all y in JS*-1. Let Mt be the set {h(x, y) | 0 rgx^Xi}, and TV,-be {h(x, y)\xi&x£l}, i = l, 2. Then p(Tu T2)=o(Ti, Tz)
, and an elementary calculation shows each of the terms on the right is less than co/3. Thus <b is a continuous 1-1 map of a compact space onto a Hausdorff space and must be topological, so Xh is an arc.
Corollary.
If C has property <P relative to Xh and Tx denotes the (k -l)-cell h(xXEk~1), then for each e > 0 there is ay>0 such that for all x in El the inequality y(Tx, e) >y holds.
6. The construction lemmas. Let h be a fixed homeomorphism of Ek onto Cand let a be a point of To\dT0, where 7^ denotes h(xXEk~1), O^x^l.
Since a£Cl (7?3\C), well known results in the theory of accessibility assure that there is an arc A' from a point ai to a which meets C only at a. If A" is a topological ray in RZ\C with initial point ai, then A'KJA" contains a topological ray A which meets C only at its initial point a.
Similarly a topological ray B meeting Conly at its initial point &GFi\dFi can be chosen, and the two rays A and B may be taken disjoint and locally polyhedral modulo C.
A partial order on the elements of X is now defined by T<U provided both the conditions T separates A and U on AVJCVJB and U separates T and B on AKJC^JB are met. This order is extended to the set consisting of all elements of T and all points of A\JB by U<T and T< V lor every choice of USA, FG B, and Fan element of X which separates A and B on A UCWB.
For each T in the set on which this order is defined it will be convenient to let i/^(F) and ©(F) denote the components of (^4UCUJ5)\F containing an unbounded subset of A and an unbounded subset of B respectively. It is easily verified that T< U holds if and only if both FUc/f(F)C<^(c7) and #(F)D£/U<B(c7).
It should also be noted that for elements of X the order relation depends only on the choice of aGF0\3Fo
and &GFi\dFi, and not on the choice of rays A, B, from a, b. In the remainder of this section h, A, and B will be assumed chosen and fixed.
6.1. Lemma. Let D, Ki, T and e>0 be related as follows: 1. TSX and separates A and B on AKJC^JB.
2. Key*iT, e). 3 . KC\C= UiUUi where both Ui and Ui are in X.
4. Either Ui < T< U< Ui or Ui<U<T< Ui, where DC\C= UEX. 5 . D<=X>iU, co) for every w>0.
6. iDVJKi)n<iA\JB) = n. 7. didD, C)>e.
Then there is a Ki in $*(F, e) with KiC\C either UiUU or Z7W c72 according as T<U or U<T.
Proof. Suppose Ui<T< U< Ui. Then these four sets are pairwise disjoint and U separates Ui and Z72 on C. Since USX, there is a gG£> such that U = gix XEk~l) for some x with 0 <x < 1, for neither g(0 X£*_1) nor g(l X-E*-1) can separate Ui and Ui. Consequently C\U=zAKJeB where zA contains Ui and F, <8 contains Ui, and zA\J U is a &-cell. An arc E in zAVJ U with one endpoint in U, the other in Ui and otherwise disjoint from C/W Ui can be constructed. Since F separates Ui and U on C, E meets F so a sub-arc E' of E meeting both T and U and not meeting Ui can be found. Then TVJ UVJE' is a connected set in the complement of Ki so since FCInt Ki, U also is in Int Ki.
Thus Z>fMnt Ki9*\3, and since KiKJInt KiCSiT, e)C5(C, e) while didD, C)>e, DC\Ext Ki^H so that K^D^O.
Since DC\Cr\Ki = UnKi so Kzf\C= Ui^JU and 7m is the required set if it can be shown to be in ty*(T, e). To show this it must first be shown that ®zGP(T, e), i.e., that Kt, T, and e satisfy the five conditions of Definition 2.21.
1. Since D/^FjC-Di^-fM^i and 6\D,=3F,=s" Kz is a topological 2-sphere.
2. In order to prove TGInt Kz the fact that C\( t/,V7 U) has at most three components is needed. To establish this the following more general statement, which will be useful later, is to be proved.
6.11. If Vx and Vz are disjoint elements of X, then C\( Vx^J Vz) has at most three components.
For if VxGX, then Vi=g(vXEk~v) for some g£ § and 0<Lv^l. Letting 7o= {(x, y, z)GEk\0^x<v} and 7i= {(x, y, z)GEk\v<x^l}, it is seen that C\Vi is the union of M0=g(hXEk-1) and Afi=g(7iX£*-1). Further, MoWi and MiKJVi are both fe-cells if v is neither 0 nor 1, and since the adjustment needed in the following arguments when v = 0 or v = l are easily supplied, the assumption 0 <v < 1 is made. Since M0 and Mi are topologically the same it is also assumed without loss of generality that VzGMi. Then C\(FiUF2) = (C\Vi)\V2 = AfoU(Mx\V2) and if this set has more than three components Mx\V2 must have more than two, i. CKiVJlnt KiCSiT, e).
Thus Ki is in ^(F, e) and by the proof of 5, Ki satisfies condition 1 of Theorem 4.1 also. That the second condition of that theorem is satisfied follows immediately from the hypothesis Ui<T<U.
Thus if2G'iP*(F, e).
This completes the proof of the lemma for the case Ui<T< U< Ui, and the only other possible case, Ui< U<T< Ui, can be made to depend on the first case in the following way. Consider the effect upon the order relation and the hypotheses and conclusion of the lemma if the names A and B are interchanged and h* = hr is used instead of h, where r is the homeomorphism of Ek onto itself defined by r(xi, x2, • • • , xk) =(1-x%, x2, • • • , xk). Evidently the new A and B are as required since F0 and Fx are interchanged, and since the order relation is reversed as well as the sets Ui and Ui, the second case is reduced to the first.
Definition.
For every TGXk and e>0 let Q,(T, e) denote the collection of all KGR3 such that 1. K is a topological 2-sphere.
2. TCIntK.
3. K is locally polyhedral modulo C. 4 . KC\ [A \J C^JB ] = LU7c where each of the sets L and R is either an element of X or a point of (AVJB)\C. 5. L<T<R. 6. KGS(C, e).
It should be noted that 0(7", e) depends on h, A, and B. This dependence is not indicated in the notation since in the applications h, A, and B will be chosen and fixed. Proof. As before the adjustments needed for the cases where some or all of the sets Lx, Rx, L2, R2 are points of (A^JB)\C are easily made, so only the case where all are elements of X will be considered. As a preliminary step the following statement is to be proved.
If KGO(T, e) then (4VJCUB)Hint K = B(L)\JtA(R).
Since L<T<R, L separates CC\A=a and T on C, R separates T and b = Br\C, and each separates a and 6 on C, so the three components of C\(7U7?) as guaranteed by 6.11 must be Ca, Cb, and Ct\ that is, the one containing a, the one containing b, and the one containing T respectively. Thus A\JCUB =A\JCaVL\JCtVR\JCbVB and since A^JCa and CBU73 are unbounded connected sets in the complement of K, they lie in Ext K. Hence (A\JC\JB)C\\nt KGCt and, since Cr is connected, does not meet K, and contains 7X1 Int K, the reverse inclusion also holds so CT = (AKJCV E)(~\ Int K.
Now the two components *A(L) and B(L) of (AVJC^B)\L are then
AVJCa and CrVJ7?VJCBUB, and since L<T implies TGB(L) it follows that <tA(L)=A\JCA and <B(L) = CrU7?VJCsUB. Similarly from T<R it is seen that *A(R)=A\JCaVL\JCt while <B(7c) =CBUB. Thus *A(R)r\B(L) = (^WCxWLWCr)r\(CrW7?UCBUB) = Cr which proves 6.31.
To proceed with the proof of Lemma 6.3, it is noted that since 7,i <7,2 <7?i then L2 is in both <B(Lx) and <sA(Rx) so, by 6 Let an arc c be chosen in C so that it has only its end points a =AC\C and b = CC\B in common with dC and meets each of the sets L\, Li, Ri, and i?2 in a single point. Now suppose 5* links A\JcVJB. Then none of the four disks There is a semi-linear homeomorphism / of R3 onto itself throwing Z onto the surface of the unit cube E in R3 and evidently it may be supposed that if E+ and E~~ denote the portions of the surface of E on and above and on and below the xy-plane respectively, then /(Fiy) = E+ and /(F2y) = E~. An isotopy gt (0^/^l) of R3 onto itself which throws E" onto E+ and moves no point outside S(E, 5) with 6 arbitrarily small can be defined with no difficulty, and there is no loss in taking gi semilinear. Then any point of fiAyJCUB) which is interior (exterior) to fiKi) at the stage /=0 remains interior (exterior) to gtfiKi) for each t, so that/-1gi/(i?2) has all the properties required of the original Ki. The 5 may be taken so small that no point of fiKi) lies interior to 5(£, 5) except /(F2y) and an arbitrarily small neighborhood of/(F2y) relative to fiKi), and the isotopy may be defined so as to move no point of fiKi) except /(F2y).
Consequently/-1gi/(X2) is (if2\F2y)W YXj and this sphere may be deformed semi-linearly away from Ki in a neighborhood of Fiy so small that no point of A^JC^JB is moved. The resulting sphere is a new Ki which has all the properties required of the old and which has at least one less intersection Sk with Ki which does not link A^JcVJB. This completes the proof.
7. The enclosure property.
7.1. Theorem. If there is anhSQ such that C has property <P relative to Xh and the uniform disk property relative to Xh, then C has the enclosure property.
Proof. Let e>0 be assigned. Let A' and B' be a pair of topological rays with initial points a=AT\C in Fo\dF0 and b=B'C\C in Ti\dTi respectively.
That such a pair of rays which are mutually disjoint and locally polyhedral mod C exist was shown in the preceeding section. Let Wi denote min [e, diT0, Ti)/2, diTo, B'), diTu A')] and choose Ko in «(J*(F0, coO and Ki in *iTi, wi). Let A" be the sub-arc of A' which is minimal with respect to containing KoC\A'. By the choice of «i and the fact that T0GdC,K0r^C = RoG.X and K0\C is an open disk so there is an arc A'" in K0\C with the same end points as A". The arc A'" may be taken polyhedral and by further subdividing it and shifting all of its vertices except one end point into Ext K0 a sufficiently small distance so as to introduce no new points of intersection with BVJCVJKi the ray iA'\A")\JA'" is deformed into a ray A such that AC\Ki = □. APiA'o =L0, a point, and AC\C = a, the initial point of A. A ray small number is used in place of 0 then Li < Ut-i < TXi < Ui+i <Ri. 5 . Since U,+i = Di+if\C, then p(C/,+1, C(~\Di+i) <w for every «>0 so Di+i satisfies condition 5 of Definition 2.31 for being in 35(Z7,-+i, u) for every «>0.
That Di+i also satisfies all the other conditions of 2.31 follows from the fact that Di+i was chosen in 2)(FIi+1, 0). iDn.iKJKi)r\iAUB) = n.
7. By choice of Di+U d(3D,-+i, C) >co3. Thus Lemma 6.1 applies so there is a jST/' in ^*(FIi? w3) with Ki'(~\C -Li yJUi+i. In the same way it is verified that D<_i, A^,-', r#l, and co3 also satisfy the hypothesis of Lemma 6.1 with Li < Ui-i<TXi< Uta, so there is a Ki in $*iTxl, <o,) with KfnC= UiJJVtn, i = 2, 3, ■ ■ ■ , j.
Next it must be shown that Ki is in 0(FI4, w3), i = 2, • • • , j. The first three conditions of Definition 6.2 are satisfied by Ki, TXi, and w3 by virtue of KiSty*iTXi, u-z), while conditions 4 and 5 follow from the construction. Condition 6 also holds, since SiC, co3)35(FI,., o>z)DKi. Now Lemma 6.3 is to be applied to Ki and Kz. Since 0 <x2 <x3 = x2+a < 1, and since each Ki has been shown to be in 0(FX<, a>3), Lemma 6. Then (A\JC\JB)Hint K is the union of those portions of (AKJC^JB) which were in the interior of any one of the three spheres 7£0, Ktj, and 7m. But any point of C lies in Tx for some x, and hence is interior to KB, Kzj, or TCi according as O^x^p, p^x^q, or g^xgl. Thus CCInt K. Also, since
KG£l(T0, coi), KGS(C, ui)GS(C, e). That K is polyhedral follows from the fact that it is locally polyhedral modulo Cand does not meet C. This completes the proof, but a fact that will prove useful later should be noted here; i.e., the sphere K meets each of the rays A, B in a single point. 8. The strong enclosure property. For the standard cell Ek and a given e>0 it is evident that not only is there a polyhedral 2-sphere M in S(Ek, e) with E*CInt M, but the sphere M may be taken to be the boundary of a convex 3-cell so that a straight ray meeting Ek only at its initial point meets M in a single point. Consequently any tame cell will have the following property.
8.1. Definition. A cell C is said to have the strong enclosure property provided to each hG& there corresponds a pair of disjoint topological rays A, B and a sequence of polyhedral 2-spheres {Mi} which meet the following conditions:
1. A(B) meets C only at its initial point aGT0\dTo(bGTx\dTi). 2. A^JB is locally polyhedral modulo C. 3 . MiGS(C, l/i) and CCInt Mt,i = l,2, ■ ■ ■ . 4 . Mi meets each of the rays A, B in a single point, i = 1, 2, • ■ • . Whether or not a cell with the enclosure property can fail to have the strong enclosure property is an unanswered question, although it has already been shown that the sets A, B, and {Mi} can be chosen satisfying all conditions except possibly condition 4 whenever C has the enclosure property. Now for each successive i the cell C has property fP relative to Xhi and the uniform disk property relative to Xhit so the construction of Theorem 7.1 with e,-used as the e can be carried out. It is recalled that in this construction the original rays (call them .4,_i and 73,_0 were replaced by a new pair (call them Ai and 5,-) which had the property that A\Ai-x (Bt\Bi-x) was an arc obtained by deforming a sub-arc of a sphere K0 in S(T0i, e.) [7m in S (Tu, eO ] an arbitrarily small distance, so that Ai\Ai^xGS(T0i, e,) and B,\Bi^x GS(Txi, ei) may be assumed. The result of this construction was a polyhedral sphere (say Mi) in S(C, ei) with CCInt Mi which met each of the rays Ai, 5,-in a single point. Evidently the sequence e,-can be chosen so that MiGS(C, l/i) and also sufficiently small that any sequence {a,} with atGA<V4,-_i must have limit a. To see the latter it is only necessary to note that if aiGA,\Ai-x then aiGS(T0i, ei) so there is an a* in Tot such that d(ai, a)^d(ai, a* Since Xh is an arc under the metric p, it may be assumed that {Ti} and { Ui}, considered as elements of Xh, converge to TGXh and UGXh respectively. Since p is a metric, p(T, U) w/2, and since Xh is an arc, T and U must be distinct elements of Xh and hence disjoint sets in R*. Then a = d(T, U) is positive, and by definition of p, the inclusions TiGS(T, a/4) and UiGS(U, a/4) must hold for all i greater than some fixed TV. But if l/i<a/4 and i>N, then UiGS(Tit a/4) and hence UiGS(T, a/2), contradicting UiGS(U, a/4) since these two sets are disjoint.
From 8.21 the following will be derived. Similarly si and o-,-bound an annular ring 7?* on TC,-. Evidently 7?*=7>iUZ? UZ?* is a disk which is contained in TC,UInt TC,-and hence in S(T, co) and dD* =<Tj so that d(C, D*)>8. Thus D* is the required disk provided it can be shown to be in D(T, e).
To show this it must be verified that D*, T, and e satisfy the six conditions of Definition 2.31. Condition 1 is fulfilled by construction and condition 2 follows from the fact that dD* =o-,-was chosen to separate L, and 7?,-, the components of 7C,-nC, on TC,-. Since D*r\C = DxC\C = Dr\C, condition 3 is fulfilled. Since 7?*C(T>WJ7UZC,) and all three of these sets are locally polyhedral modulo C, so must D* be. This is condition 4, and condition 5 follows from D*f\C = Dr\C and DGX)(T, e). Since there is some neighborhood U of D*C\C such that Ur\D*=UC\D, condition 6 for D* follows also from DGX)(T, e). This completes the proof.
Theorem.
If C has the strong enclosure property and the disk property, then C has property *P.
Proof. Let TE.X and e>0 be assigned. Only the case TC\dC -dT will be considered since the adjustments to the following argument needed when TC\dC = T are easily made. Therefore there is an &G § and a number p with 0<p<l such that T = hipXEk~1). Dr while Sj+x bounds a disk Daj on D,. Let TC = T>r,UTc,UD"-. That TC is a topological 2-sphere which is locally polyhedral modulo C follows from the construction, as does the fact that KC\C = R\JS where both R and S are in T.
Thus $ is in %(T, e) provided TCInt TC and KGS(T, e).
To see that the latter holds, it is noted first that Drj\JD,jGDr\JD,GS(T, e/2), so KGS(T, e) if RjGS(T, e). Suppose there is a point p of 7?,-such that d(p, T) ^ e. Since RjGNGS(C, rj) and n < e/2, there is a point q of C such that d(p, q)<e/2. That qGCz cannot be, for then d(p, T)^d(p, q)+d(q, T)<e, so qGCi for i=0 or t = l. But 5(C,-, 7j)CInt JIT/* so this requires pGlnt M? Thus since e and T were arbitrary and KG^(T, e) has been found, it follows that C has property *P. 9 . Conclusion. Theorems 8.2 and 8.3 combine to give the following result.
9.1. Theorem. If C is a k-cell in R3for k = 1, 2, or 3, and has any two of the following three properties, then it also has the third.
1. Property <P. 2. The uniform disk property.
3. The strong enclosure property.
9.2. Theorem. If C is a l-cell in R? with property <P, then C has the strong enclosure property.
If the word strong is deleted here, this becomes a restatement of Theorem 1 of Harrold [6] . The proof given by Harrold, together with the proof of sufficiency in Theorem 8.2, establish 9.2 as stated.
Corollary.
If C is a l-cell with property "P, then C has the uniform disk property. Example 1.1 of Fox-Artin [4] is a l-cell which can be shown to have the uniform disk property but not the enclosure property, and hence of course, not property 'P. Whether or not a 2-cell or a 3-cell with property ¥ can fail to have the enclosure property and/or the uniform disk property is an unanswered question.
